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Abstract
The effective field theory (EFT) for triaxially deformed even-even nuclei is generalized to include
the vibrational degrees of freedom. The pertinent Hamiltonian is constructed up to next-to-leading
order. The leading order part describes the vibrational motion, and the NLO part couples rotations
to vibrations. The applicability of the EFT Hamiltonian is examined through the description of
the energy spectra of the ground state bands, γ-bands, and K = 4 bands in the 108,110,112Ru
isotopes. It is found that by taking into account the vibrational degrees of freedom, the deviations
for high-spin states in the γ-band observed in the EFT with only rotational degrees of freedom
disappear. This supports the importance of including vibrational degrees of freedom in the EFT
formulation for the collective motion of triaxially deformed nuclei.
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I. INTRODUCTION
Effective field theory (EFT) is based on symmetry principles alone, and it exploits the
separation of energy scales for the systematic construction of the Hamiltonian supplemented
by a power counting. In this way, an increase in the number of parameters (i.e., low-energy
constants that need to be adjusted to data) goes hand in hand with an increase in precision
and thereby counter balances the partial loss of predictive power. Actually, EFT often
exhibits an impressive efficiency as highlighted by analytical results and economical means
of calculations. In recent decades, EFT has enjoyed considerable successes in low-energy
hadronic and nuclear structure physics. Pertinent examples include the descriptions of the
nuclear interactions [1–3], halo nuclei [4–6], and nuclear few-body systems [7–9]. Recently,
Papenbrock and his collaborators have developed an EFT to describe the collective rotational
and vibrational motions of deformed nuclei by [10–17].
Collective rotations and vibrations are the typical low-lying excitation modes of a nucleus.
For a spherical nucleus, only vibrational modes exist. On the other hand, for a deformed
nucleus, various vibrational bands are observed, and rotational bands are found to be built
on the successive vibrational modes [18, 19]. Since the initial paper in 2011 [10], Papenbrock
and his collaborators have completed a series of works devoted to the systematic treatment
of nuclear collective motion in the EFT framework [11–17]. Through the application of
EFT to deformed nuclei, the finer details of the experimental energy spectra, such as the
change of the moment of inertia with spin, can be addressed properly through higher-order
correction terms [10–14]. Moreover, in this approach the uncertainties of the theoretical
model can be quantified [16], and a consistent treatment of electroweak currents together
with the Hamiltonian can be obtained [15]. Let us note that all these investigations were
restricted to axially symmetric nuclei.
Very recently, the pertinent EFT has been further generalized to describe the rotational
motion of triaxially deformed even-even nuclei [20]. The triaxial deformation of nucleus has
been a subject of much interest in the theoretical study of nuclear structure for a long time. It
is related to many interesting phenomena, including the γ-band [18], signature inversion [21],
anomalous signature splitting [22], the wobbling motion [18], chiral rotational modes [23]
and most prominently multiple chiral doublet bands [24]. In fact, the wobbling motion and
chiral doublet bands are regarded as unique fingerprints of stable triaxially deformed nuclei.
2
In Ref. [20], the pertinent Hamiltonian has been constructed up to next-to-leading order
(NLO). Taking the energy spectra of the ground state and γ- bands (together with some
K = 4 bands) in the 102−112Ru isotopes as examples, the applicability of this novel EFT for
triaxial nuclei has been examined. It has been found that the description at NLO is overall
better than at leading order (LO). Nevertheless, there were still some deviations between
the NLO calculation and the data for some high-spin states in the γ-bands. The comparison
to the results of a five-dimensional collective Hamiltonian (5DCH) based on the covariant
density functional theory (CDFT) [25] has indicated that the inclusion of vibrational degrees
of freedom in the EFT formulation is important.
Therefore, in this paper, the vibrational degrees of freedom are additionally considered in
the formulation of an EFT for collective nuclear motion. The pertinent Hamiltonian will be
constructed up to NLO, where the LO part describes the vibrational motion, and the NLO
part couples rotations to vibrations. The energy spectra of ground state bands, γ-bands, and
K = 4 bands in the 108,110,112Ru isotopes are taken as examples to examine the applicability
of our extended EFT approach.
The present paper is organized as follows. In Sec. II, the EFT for collective rotations
and vibrations of triaxially deformed nuclei is constructed. The solutions of the rotational
Hamiltonian in first order perturbation theory are given in Sec. III. The obtained vibrational
Hamiltonian is reduced in Sec. IV by expressing it in terms of the quadrupole deformation
parameters β2 and γ2. The results of the corresponding quantum-mechanical calculations are
presented and discussed in detail in Sec. V. Finally, a summary is given in Sec. VI together
with perspectives for future research directions.
II. CONSTRUCTION OF THE EFT
In this section, the procedure of constructing the effective Lagrangian and Hamiltonian
for collective rotations and vibrations is introduced and carried out. It follows similar steps
as in the case of axially symmetric nuclei studied in Refs. [12, 13] and in the case of collective
rotations of triaxially deformed nuclei investigated in Ref. [20].
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A. Dynamical variables
In an EFT, the symmetry is (typically) realized nonlinearly [26, 27], and the Nambu-
Goldstone fields parametrize the coset space G/H. Here, G is the symmetry group of the
Hamiltonian and H the symmetry group of the ground state, is a proper subgroup of G. The
effective Lagrangian L is built from invariants that can be constructed from the fields in the
coset space. In the following, we will write the fields relevant for collective nuclear motion in
the space-fixed coordinate frame, where the three generators of infinitesimal rotations about
the space-fixed x, y, and z-axes are denoted by Jx, Jy, and Jz.
To describe a global rotation, the three Euler angles α, β, and γ serve as natural dynamical
variables. On the classical level, they are purely time-dependent and upon quantization, they
give rise to rotational bands. On the other hand, vibrations act locally on the nuclear surface
and its location can be described by body-fixed spherical coordinates r, θ, and φ. Following
the arguments in Refs. [12–14], one expects that Nambu-Goldstone modes related to the
radial coordinate r have higher frequencies than those related to the angles θ and φ. For
low energy excitations, one can therefore restrict the attention to the angular variables.
A triaxially deformed nucleus is invariant under the 180◦ rotation about the body-fixed
axes (discrete D2 symmetry), while the continuous SO(3) symmetry is broken by the defor-
mation. Consequently, the Nambu-Goldstone modes lie in the three-dimensional coset space
SO(3)/D2. The modes depend on the angles θ and φ and the time t and are generated from
the nuclear ground state by a unitary transformation U . Following Refs. [12–14, 20], the
matrix U can be parameterized in a product form as
U = g(α, β, γ)u(x, y, z),
g(α, β, γ) = exp{−iα(t)Jz} exp{−iβ(t)Jy} exp{−iγ(t)Jz},
u(x, y, z) = exp{−ix(θ, φ, t)Jx − iy(θ, φ, t)Jy − iz(θ, φ, t)Jz}. (1)
The fields x(θ, φ, t), y(θ, φ, t), and z(θ, φ, t) with |x|, |y|, |z| ≪ 1 generate small-amplitude
vibrations of the nuclear surface. They depend on θ and φ in such that their angular averages
vanish ∫
dΩ x(θ, φ, t) =
∫
dΩ y(θ, φ, t) =
∫
dΩ z(θ, φ, t) = 0, (2)
where dΩ = sin θ dθdφ denotes the surface element on the unit sphere. Note that in the
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axially symmetric case [12, 13], γ(t) and z(θ, φ, t) do not exist as observable degrees of
freedom, since the operator Jz acting on the axially deformed ground state gives zero.
The power counting underlying the EFT is specified by [14]
α, β, γ ∼ O(1), α˙, β˙, γ˙ ∼ ξ, (3)
x, y, z ∼
√
ξ/Ω, x˙, y˙, z˙ ∼
√
ξΩ, ∂νx, ∂νy, ∂νz ∼
√
ξ/Ω, (4)
where the ξ and the Ω denote the energy scales of the rotational and vibrational motion,
respectively. The dot refers to a time derivative and ∂ν to angular derivatives with ν = θ
or φ. Note that ξ (typically ≈ 80 keV) is much smaller than Ω (typically ≈ 1 MeV), and
hence
√
ξ/Ω≪ 1 is a reasonably small parameter.
B. Effective Lagrangian
As usual, the effective Lagrangian is built from invariants. These are constructed from
quantities axµ, a
y
µ, and a
z
µ defined by [12, 13, 20, 26, 27]
iU−1∂µU = a
x
µJx + a
y
µJy + a
z
µJz. (5)
The symbol ∂µ stands for a derivative with respect to one of the variables θ, φ, and t.
To work out the Nambu-Goldstone modes explicitly, we use the decompositions
ig−1∂tg = (−α˙ sin β cos γ + β˙ sin γ)Jx + (α˙ sin β sin γ + β˙ cos γ)Jy + (α˙ cos β + γ˙)Jz, (6)
and
iu−1∂tu =
{
x˙+
1
2
(y˙z − yz˙)− 1
6
[
(y2 + z2)x˙− x(yy˙ + zz˙)
]}
Jx
+
{
y˙ +
1
2
(z˙x− zx˙)− 1
6
[
(x2 + z2)y˙ − y(xx˙+ zz˙)
]}
Jy
+
{
z˙ +
1
2
(x˙y − xy˙)− 1
6
[
(x2 + y2)z˙ − z(xx˙+ yy˙)
]}
Jz . (7)
In the calculation of iu−1∂tu, the expansion of u in powers of x, y, z has been performed up
to cubic terms. With these formula, one obtains for the time derivative
iU−1∂tU = iu
−1∂tu+ iu
−1(g−1∂tg)u
=
{
x˙+
1
2
(y˙z − yz˙)− 1
6
[
(y2 + z2)x˙− x(yy˙ + zz˙)
]
+ (−α˙ sin β cos γ + β˙ sin γ)
5
+ (α˙ sin β sin γ + β˙ cos γ)z − (α˙ cos β + γ˙)y
}
Jx
+
{
y˙ +
1
2
(z˙x− zx˙)− 1
6
[
(x2 + z2)y˙ − y(xx˙+ zz˙)
]
+ (α˙ sin β sin γ + β˙ cos γ)
+ (α˙ cos β + γ˙)x− (−α˙ sin β cos γ + β˙ sin γ)z
}
Jy
+
{
z˙ +
1
2
(x˙y − xy˙)− 1
6
[
(x2 + y2)z˙ − z(xx˙ + yy˙)
]
+ (α˙ cos β + γ˙)
+ (−α˙ sin β cos γ + β˙ sin γ)y − (α˙ sin β sin γ + β˙ cos γ)x
}
Jz, (8)
while the angular derivatives (ν = θ, φ) read
iU−1∂νU = iu
−1∂νu
=
{
∂νx+
1
2
(z∂νy − y∂νz)− 1
6
[
(y2 + z2)∂νx− x(y∂νy + z∂νz)
]}
Jx
+
{
∂νy +
1
2
(x∂νz − z∂νx)− 1
6
[
(x2 + z2)∂νy − y(x∂νx+ z∂νz)
]}
Jy
+
{
∂νz +
1
2
(y∂νx− x∂νy)− 1
6
[
(x2 + y2)∂νz − z(x∂νx+ y∂νy)
]}
Jz. (9)
In the expansions of iU−1∂tU in Eq. (8) we go up to order ξ
√
ξ/Ω to include the coupling
terms between rotations and vibrations. Therefore, the quantities u−1Jxu, u
−1Jyu, and
u−1Jzu need to be expanded only up to order
√
ξ/Ω, since g−1∂tg is of order ξ.
The components of the angular velocities follow from Eqs. (5) and (8) as
axt = x˙+
[1
2
(y˙z − yz˙) + (−α˙ sin β cos γ + β˙ sin γ)
]
+
{
− 1
6
[
(y2 + z2)x˙− x(yy˙ + zz˙)
]
+ (α˙ sin β sin γ + β˙ cos γ)z − (α˙ cos β + γ˙)y
}
, (10)
ayt = y˙ +
[1
2
(z˙x− zx˙) + (α˙ sin β sin γ + β˙ cos γ)
]
+
{
− 1
6
[
(x2 + z2)y˙ − y(xx˙+ zz˙)
]
+ (α˙ cos β + γ˙)x− (−α˙ sin β cos γ + β˙ sin γ)z
}
, (11)
azt = z˙ +
[1
2
(x˙y − xy˙) + (α˙ cos β + γ˙)
]
+
{
− 1
6
[
(x2 + y2)z˙ − z(xx˙ + yy˙)
]
+ (−α˙ sin β cos γ + β˙ sin γ)y − (α˙ sin β sin γ + β˙ cos γ)x
}
, (12)
where the leading terms (x˙, y˙, and z˙) are of order
√
ξΩ. The terms in square brackets
are proportional to the energy scale ξ, and those in curly brackets scale as ξ
√
ξ/Ω. Thus,
successive terms in ax,y,zt are suppressed by a relative factor
√
ξ/Ω.
Moreover, one obtains from Eqs. (5) and (9) for the components involving angular deriva-
tives
axν = ∂νx+
1
2
(z∂νy − y∂νz)− 1
6
[
(y2 + z2)∂νx− x(y∂νy + z∂νz)
]
, (13)
6
ayν = ∂νy +
1
2
(x∂νz − z∂νx)− 1
6
[
(x2 + z2)∂νy − y(x∂νx+ z∂νz)
]
, (14)
azν = ∂νz +
1
2
(y∂νx− x∂νy)− 1
6
[
(x2 + y2)∂νz − z(x∂νx+ y∂νy)
]
, (15)
where the leading terms (∂νx, ∂νy, and ∂νz) scale as
√
ξ/Ω, the terms in round brackets as
ξ/Ω, and those square brackets as (ξ/Ω)3/2. Again, successive terms in ax,y,zν are suppressed
by a relative factor
√
ξ/Ω.
The expressions in Eqs. (10)-(15) give the lowest order contributions from the Nambu-
Goldstone modes x, y, z and α, β, γ introduced in Eq. (1). Note that if γ = 0 and z = 0,
then one recovers the axailly symmetric case [12, 13].
Respecting time-reversal invariance and the discrete D2 symmetry of a triaxial nu-
cleus [29], only the squares of axµ, a
y
µ, and a
z
µ may be used to construct the Lagrangian.
For the temporal parts, one gets
(axt )
2 = (−α˙ sin β cos γ + β˙ sin γ)2
+ x˙2 + (y˙z − yz˙)(−α˙ sin β cos γ + β˙ sin γ)
+ 2(α˙ sin β sin γ + β˙ cos γ)x˙z − 2(α˙ cos β + γ˙)x˙y
+
1
4
(y˙z − yz˙)2 − 1
3
[
(y2 + z2)x˙2 − xx˙(yy˙ + zz˙)
]
, (16)
(ayt )
2 = (α˙ sin β sin γ + β˙ cos γ)2
+ y˙2 + (z˙x− zx˙)(α˙ sin β sin γ + β˙ cos γ)
+ 2(α˙ cos β + γ˙)y˙x− 2(−α˙ sin β cos γ + β˙ sin γ)y˙z
+
1
4
(z˙x− zx˙)2 − 1
3
[
(x2 + z2)y˙2 − yy˙(xx˙+ zz˙)
]
, (17)
(azt )
2 = (α˙ cos β + γ˙)2
+ z˙2 + (x˙y − xy˙)(α˙ cos β + γ˙)
+ 2(−α˙ sin β cos γ + β˙ sin γ)z˙y − 2(α˙ sin β sin γ + β˙ cos γ)z˙x
+
1
4
(x˙y − xy˙)2 − 1
3
[
(x2 + y2)z˙2 − zz˙(xx˙+ yy˙)
]
, (18)
where terms of order ξΩ(ξ/Ω)3/2 and higher have been consistently dropped. The invariants
in Eqs. (16)-(18) can still be decomposed according to the power of the vibrational fields
into
L1a = (−α˙ sin β cos γ + β˙ sin γ)2, (19)
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L2a = x˙2 + (y˙z − yz˙)(−α˙ sin β cos γ + β˙ sin γ)
+ 2(α˙ sin β sin γ + β˙ cos γ)x˙z − 2(α˙ cos β + γ˙)x˙y, (20)
L3a = 1
4
(y˙z − yz˙)2 − 1
3
[
(y2 + z2)x˙2 − xx˙(yy˙ + zz˙)
]
, (21)
L1b = (α˙ sin β sin γ + β˙ cos γ)2, (22)
L2b = y˙2 + (z˙x− zx˙)(α˙ sin β sin γ + β˙ cos γ)
+ 2(α˙ cos β + γ˙)y˙x− 2(−α˙ sin β cos γ + β˙ sin γ)y˙z, (23)
L3b = 1
4
(z˙x− zx˙)2 − 1
3
[
(x2 + z2)y˙2 − yy˙(xx˙+ zz˙)
]
, (24)
L1c = (α˙ cos β + γ˙)2, (25)
L2c = z˙2 + (x˙y − xy˙)(α˙ cos β + γ˙)
+ 2(−α˙ sin β cos γ + β˙ sin γ)z˙y − 2(α˙ sin β sin γ + β˙ cos γ)z˙x, (26)
L3c = 1
4
(x˙y − xy˙)2 − 1
3
[
(x2 + y2)z˙2 − zz˙(xx˙+ yy˙)
]
, (27)
where L1a,3a, L1b,3b, and L1c,3c are of order ξ2. The leading terms (x˙2, y˙2, and z˙2) in L2a,2b,2c
are of order ξΩ and the remaining terms scale as order ξ2.
Next, we turn to the invariants constructed from derivatives with respect to the angles θ
and φ listed in Eqs. (13)-(15). We restrict ourselves to terms of up to fourth order in x, y,
z, and their derivatives. The pertinent squares read
(axν)
2 = (∂νx)
2 +
[
(∂νx)(z∂νy − y∂νz)
]
+
{1
4
(z∂νy − y∂νz)2 − 1
3
(∂νx)
[
(y2 + z2)∂νx− x(y∂νy + z∂νz)
]}
, (28)
(ayν)
2 = (∂νy)
2 +
[
(∂νy)(x∂νz − z∂νx)
]
+
{1
4
(x∂νz − z∂νx)2 − 1
3
(∂νy)
[
(x2 + z2)∂νy − y(x∂νx+ z∂νz)
]}
, (29)
(azν)
2 = (∂νz)
2 +
[
(∂νz)(y∂νx− x∂νy)
]
+
{1
4
(y∂νx− x∂νy)2 − 1
3
(∂νz)
[
(x2 + y2)∂νz − z(x∂νx+ y∂νy)
]}
, (30)
where terms of order (ξ/Ω)5/2 and higher have been consistently dropped. In the above,
(axν)
2, (ayν)
2, and (azν)
2 are expressed in terms of x, y, z, and their derivatives as polynomials
of degree two, three, and four, respectively.
The partial derivatives ∂ν can be replaced by the orbital angular momenta operators L,
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whose components are
Lx = i(sin φ ∂θ + cot θ cos φ ∂φ), (31)
Ly = i(− cos φ ∂θ + cot θ sin φ ∂φ), (32)
Lz = −i∂φ. (33)
By reexpressing ∂θ and ∂φ in terms of Lx, Ly, and Lz , one constructs from the first terms
in Eqs. (28)-(30) the following six Lagrangians
L4a = (Lx)2, L4b = (Ly)2, L4c = (Lz)2, (34)
L4d = (Lzx)2, L4e = (Lzy)2, L4f = (Lzz)2. (35)
In the same way, the second terms in square brackets lead to
L5a = (Lx)
[
z(Ly)− y(Lz)], (36)
L5b = (Ly)
[
x(Lz)− z(Lx)], (37)
L5c = (Lz)
[
y(Lx)− x(Ly)], (38)
L5d = (Lyx)
[
z(Lxy)− y(Lxz)
]
+ (Lxx)
[
z(Lyy)− y(Lyz)
]
, (39)
L5e = (Lyy)
[
x(Lxz)− z(Lxx)
]
+ (Lxy)
[
x(Lyz)− z(Lyx)
]
, (40)
L5f = (Lyz)
[
y(Lxx)− x(Lxy)
]
+ (Lxz)
[
y(Lyx)− x(Lyy)
]
, (41)
and the third terms in curly brackets give rise to
L6a = 1
4
[
z(Ly)− y(Lz)]2 + 1
3
(Lx)
{
x
[
y(Ly) + z(Lz)
] − (y2 + z2)(Lx)}, (42)
L6b = 1
4
[
x(Lz)− z(Lx)]2 + 1
3
(Ly)
{
y
[
z(Lz) + x(Lx)
] − (z2 + x2)(Ly)}, (43)
L6c = 1
4
[
y(Lx)− x(Ly)]2 + 1
3
(Lz)
{
z
[
x(Lx) + y(Ly)
]− (x2 + y2)(Lz)}, (44)
L6d = 1
2
[
z(Lyy)− y(Lyz)
][
z(Lxy)− y(Lxz)
]
+
1
3
x
{
(Lyx)
[
y(Lxy) + z(Lxz)
]
+ (Lxx)
[
y(Lyy) + z(Lyz)
]}− 2
3
(y2 + z2)(Lxx)(Lyx), (45)
L6e = 1
2
[
x(Lyz)− z(Lyx)
][
x(Lxz)− z(Lxx)
]
+
1
3
y
{
(Lyy)
[
z(Lxz) + x(Lxx)
]
+ (Lxy)
[
z(Lyz) + x(Lyx)
]}− 2
3
(z2 + x2)(Lxy)(Lyy), (46)
L6f = 1
2
[
y(Lyx)− x(Lyy)
][
y(Lxx)− x(Lxy)
]
+
1
3
z
{
(Lyz)
[
x(Lxx) + y(Lxy)
]
+ (Lxz)
[
x(Lyx) + y(Lyy)
]}− 2
3
(x2 + y2)(Lxz)(Lyz). (47)
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As a result, the total effective Lagrangian L is given by the angular average of a arbi-
trary linear combination of the invariants constructed above and it involves 27 low-energy
constants (LECs)
L = L1 + L2 + L3 + L4 + L5 + L6
=
1
4pi
∫
dΩ
[ ∑
i=a,b,c
(Ai
2
L1i + Bi
2
L2i + Ci
2
L3i
)
−
∑
i=a,b,c,d,e,f
(Di
2
L4i + Ei
2
L5i + Fi
2
L6i
)]
.
(48)
Following Ref. [12], we expand the real function x(θ, φ, t) in terms of the real orthonormal
functions Zλµ, called tesseral harmonics, as
x(θ, φ, t) =
∞∑
λ=2
λ∑
µ=−λ
xλµ(θ, φ, t)Zλµ(θ, φ), (49)
and in the same way for the real variables y, z, x˙, y˙, and z˙. The tesseral harmonics Zλµ(θ, φ)
are related to the spherical harmonics Yλµ(θ, φ) by
Zλµ =


1√
2
(
Yλµ + Y
∗
λµ
)
, µ > 0,
Yλ0, µ = 0,
− i√
2
(
Yλµ − Y ∗λµ
)
, µ < 0.
(50)
It is obvious that the expansion coefficients xλµ are real. Note that in Eq. (49) the contribu-
tions with λ = 0 and λ = 1 must be excluded, since λ = 0 describes global rotations while
λ = 1 describes global translations in space.
Using these expansions and carrying out the solid angle integration, the total Lagrangian
takes the form
L =
Aa
2
ω2x +
Ab
2
ω2y +
Ac
2
ω2z
+
Ba
2
∑
λµ
[
x˙2λµ + (y˙λµzλµ − yλµz˙λµ)ωx + 2ωyx˙λµzλµ − 2ωzx˙λµyλµ
]
+
Bb
2
∑
λµ
[
y˙2λµ + (z˙λµxλµ − zλµx˙λµ)ωy + 2ωzy˙λµxλµ − 2ωxy˙λµzλµ
]
+
Bc
2
∑
λµ
[
z˙2λµ + (x˙λµyλµ − xλµy˙λµ)ωz + 2ωxz˙λµyλµ − 2ωyz˙λµxλµ
]
− 1
2
∑
λµ
{
λ(λ+ 1)
[
Dax
2
λµ +Dby
2
λµ +Dcz
2
λµ
]
+ µ2
[
Ddx
2
λµ +Dey
2
λµ +Dfz
2
λµ
]}
. (51)
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where we have restricted ourselves to terms up to orders with ξ, Ω, and
√
ξΩ. In this way
the number of LECs get reduced to 12. The pure rotor part (first line in Eq. (51)) is written
in terms of squares of
ωx = −α˙ sin β cos γ + β˙ sin γ, (52)
ωy = α˙ sin β sin γ + β˙ cos γ, (53)
ωz = α˙ cos β + γ˙, (54)
which are the rotational frequencies (in the body-fixed frame) expressed through Euler angles
and their time derivatives [20].
Finally, we study the dependence of the parameters on the energy scales. Since ωx,y,z ∼ ξ,
one requires Aa,b,c ∼ ξ−1 so that the rotational energy scales as order ξ. Similarly, x˙λµ, y˙λµ,
z˙λµ ∼
√
ξΩ leads to Ba,b,c ∼ ξ−1 so that the vibrational energy scales as order Ω. This implies
that the rotation-vibration coupling term is of order ξ−1
√
ξΩ
√
ξ/Ωξ = ξ. In addition, the
scaling behavior Da−f ∼ Ω2/ξ implies that the collective potential (last line in Eq. (51)) is
of order Ω.
C. Canonical momenta
From the Lagrangian (51), one derives the following canonical momenta
pα =
∂L
∂α˙
= − sin β cos γ
[
Aaωx +
Ba
2
∑
λµ
(y˙λµzλµ − yλµz˙λµ)− Bb
∑
λµ
y˙λµzλµ +Bc
∑
λµ
z˙λµyλµ
]
+ sin β sin γ
[
Abωy +Ba
∑
λµ
x˙λµzλµ +
Bb
2
∑
λµ
(z˙λµxλµ − zλµx˙λµ)−Bc
∑
λµ
z˙λµxλµ
]
+ cos β
[
Acωz −Ba
∑
λµ
x˙λµyλµ +Bb
∑
λµ
y˙λµxλµ +
Bc
2
∑
λµ
(x˙λµyλµ − xλµy˙λµ)
]
, (55)
pβ =
∂L
∂β˙
= sin γ
[
Aaωx +
Ba
2
∑
λµ
(y˙λµzλµ − yλµz˙λµ)− Bb
∑
λµ
y˙λµzλµ +Bc
∑
λµ
z˙λµyλµ
]
+ cos γ
[
Abωy +Ba
∑
λµ
x˙λµzλµ +
Bb
2
∑
λµ
(z˙λµxλµ − zλµx˙λµ)−Bc
∑
λµ
z˙λµxλµ
]
, (56)
pγ =
∂L
∂γ˙
= Acωz −Ba
∑
λµ
x˙λµyλµ +Bb
∑
λµ
y˙λµxλµ +
Bc
2
∑
λµ
(x˙λµyλµ − xλµy˙λµ), (57)
pxλµ =
∂L
∂x˙λµ
= Ba
[
x˙λµ + ωyzλµ − ωzyλµ
]
− Bb
2
zλµωy +
Bc
2
yλµωz, (58)
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pyλµ =
∂L
∂y˙λµ
=
Ba
2
zλµωx +Bb
[
y˙λµ + ωzxλµ − ωxzλµ
]
− Bc
2
xλµωz, (59)
pzλµ =
∂L
∂z˙λµ
= −Ba
2
yλµωx +
Bb
2
xλµωy +Bc
[
z˙λµ + ωxyλµ − ωyxλµ
]
. (60)
Given the expressions of the canonical momenta pα, pβ, and pγ, one obtains (by forming
appropriate linear combinations) the components of angular momentum along the principal
axes in the body-fixed frame
I1 = Aaωx +
Ba − 2Bb
2
∑
λµ
y˙λµzλµ +
2Bc − Ba
2
∑
λµ
yλµz˙λµ, (61)
I2 = Abωy +
Bb − 2Bc
2
∑
λµ
z˙λµxλµ +
2Ba − Bb
2
∑
λµ
zλµx˙λµ, (62)
I3 = Acωz +
Bc − 2Ba
2
∑
λµ
x˙λµyλµ +
2Bb − Bc
2
∑
λµ
xλµy˙λµ. (63)
One observes that both rotation and vibration contribute to the angular momentum. For
the rotation, these are the usual products of moment of inertia and rotational frequency ωx,
ωy, or ωz. For the vibration, the additional angular momentum arises from the motion of
the nuclear surface with (anisotropic) mass parameters Ba,b,c.
In the expressions for pxλµ, p
y
λµ, and p
z
λµ, terms such as x˙λµ are of order
√
ξΩ, while cross
terms such as ωyzλµ are of order ξ
√
ξ/Ω. Since the latter ones are suppressed by a factor
ξ/Ω, we can safely drop them. This leads to
pxλµ = Bax˙λµ, p
y
λµ = Bby˙λµ, p
z
λµ = Bcz˙λµ, (64)
such that the canonical momenta of vibrations are directly proportional to the velocities.
D. Effective Hamiltonian
Applying the usual Legendre transformations, the effective Hamiltonian is obtained as
H = α˙pα + β˙pβ + γ˙pγ +
1
4pi
∫
dΩ(x˙px + y˙py + z˙pz)− L
=
Aa
2
ω2x +
Ab
2
ω2y +
Ac
2
ω2z +
Ba
2
∑
λµ
x˙2λµ +
Bb
2
∑
λµ
y˙2λµ +
Bc
2
∑
λµ
z˙2λµ
+
1
2
∑
λµ
{
λ(λ+ 1)
[
Dax
2
λµ +Dby
2
λµ +Dcz
2
λµ
]
+ µ2
[
Ddx
2
λµ +Dey
2
λµ +Dfz
2
λµ
]}
, (65)
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with the rotational frequencies given by
ωx =
1
Aa
[
I1 − Ba − 2Bb
2Bb
∑
λµ
zλµp
y
λµ −
2Bc −Ba
2Bc
∑
λµ
yλµp
z
λµ
]
, (66)
ωy =
1
Ab
[
I2 − Bb − 2Bc
2Bc
∑
λµ
xλµp
z
λµ −
2Ba −Bb
2Ba
∑
λµ
zλµp
x
λµ
]
, (67)
ωz =
1
Ac
[
I3 − Bc − 2Ba
2Ba
∑
λµ
yλµp
x
λµ −
2Bb − Bc
2Bb
∑
λµ
xλµp
y
λµ
]
, (68)
and the vibrational velocities are directly proportional to the momenta
x˙λµ =
pxλµ
Ba
, y˙λµ =
pyλµ
Bb
, z˙λµ =
pzλµ
Bc
. (69)
Substituting these relations into the Hamiltonian H , one extracts the leading order part
∼ Ω
HΩ =
∑
λµ
{(pxλµ)2
2Ba
+
(pyλµ)
2
2Bb
+
(pzλµ)
2
2Bc
+
1
2
λ(λ+ 1)
[
Dax
2
λµ +Dby
2
λµ +Dcz
2
λµ
]
+
1
2
µ2
[
Ddx
2
λµ +Dey
2
λµ +Dfz
2
λµ
]}
. (70)
This Hamiltonian describes a set of infinitely many uncoupled (anisotropic) harmonic oscil-
lators with (vibrational) energies
Ωxλµ =
√
[λ(λ+ 1)Da + µ2Dd]/Ba, (71)
Ωyλµ =
√
[λ(λ+ 1)Db + µ2De]/Bb, (72)
Ωzλµ =
√
[λ(λ+ 1)Dc + µ2Df ]/Bc, (73)
depending on the excitation mode λµ, the mass parameters Ba,b,c, and the parameters of
the potential Da−f . Correspondingly, the energy eigenvalues of this Hamiltonian are
EΩ =
∑
λµ
[(
nxλµ +
1
2
)
Ωxλµ +
(
nyλµ +
1
2
)
Ωyλµ +
(
nzλµ +
1
2
)
Ωzλµ
]
, (74)
with oscillator quantum numbers nx,y,zλµ = 0, 1, 2, . . . and eigenfunctions given by products
of cartesian oscillator wave functions
|Φ〉 =
∏
λµ
|nxλµ〉|nyλµ〉|nzλµ〉 . (75)
The parity of such a state is (−1)
∑
λµ(n
x
λµ
+ny
λµ
+nz
λµ
), and since the ground state of an even-even
nucleus has positive parity, one requires that
∑
λµ(n
x
λµ + n
y
λµ + n
z
λµ) is even.
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The next-to-leading order correction in the Hamiltonian H is of order ξ. It takes the
form of a rotational Hamiltonian
Hξ =
(I1 − l1)2
2Aa
+
(I2 − l2)2
2Ab
+
(I3 − l3)2
2Ac
, (76)
with the collective angular momenta shifted by vibrational contributions
l1 =
Ba − 2Bb
2Bb
∑
λµ
zλµp
y
λµ +
2Bc − Ba
2Bc
∑
λµ
yλµp
z
λµ, (77)
l2 =
Bb − 2Bc
2Bc
∑
λµ
xλµp
z
λµ +
2Ba − Bb
2Ba
∑
λµ
zλµp
x
λµ, (78)
l3 =
Bc − 2Ba
2Ba
∑
λµ
yλµp
x
λµ +
2Bb − Bc
2Bb
∑
λµ
xλµp
y
λµ. (79)
This implies that each vibrational state becomes a bandhead in the rotational spectrum.
As a side remark, we note that nuclei with axial symmetry are realized by the following
parameters: Ab = Aa, Ac = 0, Bb = Ba, Bc = 0, Db = Da, Dc = 0, De = Dd, and Df = 0.
In this case, the Hamiltonian H = HΩ +Hξ simplifies drastically to
HΩ =
∑
λµ
{(pxλµ)2 + (pyλµ)2
2Ba
+
1
2
[
λ(λ+ 1)Da + µ
2Dd
][
x2λµ + y
2
λµ
]}
, (80)
Hξ =
I21 + I
2
2
2Aa
=
I2 − I23
2Aa
, (81)
with
I3 = Ba
∑
λµ
(
xλµy˙λµ − yλµx˙λµ
)
=
∑
λµ
(
xλµp
y
λµ − yλµpxλµ
)
, (82)
consistent with the constructions in Refs. [12–14].
Moreover, if the vibrational degrees of freedom are neglected, the rotational Hamiltonian
reads
Hξ =
I21
2Aa
+
I22
2Ab
+
I23
2Ac
, (83)
as derived for the triaxial rotor at leading order in Ref. [20].
III. PERTURBATIVE SOLUTION
As mentioned above, the vibrations generates contributions for the angular momenta I1,
I2, and I3. With these contributions, the rotational Hamiltonian Hξ in Eq. (76) becomes
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too complicated to be solved exactly. In the following, we will use first order perturbation
theory to account for the vibrational corrections in Hξ.
Let us start with the first term in Hξ proportional to
(I1 − l1)2 = I21 − 2I1l1 + l21, (84)
and take its expectation value in the vibrational state |Φ〉. Clearly, I21 is not affected,
since |Φ〉 is independent of the Euler angles. The second term I1l1 gives zero, because the
expectation value of a single position or momentum operator vanishes
〈n|x|n〉 = 0, 〈n|px|n〉 = 0 . (85)
Thus, we need to calculate only the expectation value of the third term
l21 =
(Ba − 2Bb
2Bb
)2∑
λµ
∑
λ′µ′
zλµp
y
λµzλ′µ′p
y
λ′µ′ +
(2Bc −Ba
2Bc
)2∑
λµ
∑
λ′µ′
yλµp
z
λµyλ′µ′p
z
λ′µ′
+
(Ba − 2Bb
2Bb
)(2Bc −Ba
2Bc
)∑
λµ
∑
λ′µ′
(
zλµp
z
λ′µ′p
y
λµyλ′µ′ + yλµp
y
λ′µ′p
z
λµzλ′µ′
)
. (86)
In the above double sums, the non-diagonal terms give still zero according to Eq. (85). For
the diagonal terms(Ba − 2Bb
2Bb
)2∑
λµ
z2λµp
y2
λµ +
(2Bc −Ba
2Bc
)2∑
λµ
y2λµp
z2
λµ
+
(Ba − 2Bb
2Bb
)(2Bc −Ba
2Bc
)∑
λµ
(
zλµp
z
λµ p
y
λµyλµ + yλµp
y
λµ p
z
λµzλµ
)
, (87)
the expectation values of squared positions, squared momenta, and products of position and
momentum of the same kind in a harmonic oscillator state are easily computed. Altogether,
the expectation value of l21 in the state |Φ〉 is given by
〈l21〉 =
(Ba − 2Bb)2
16BbBc
∑
λµ
Ωyλµ
Ωzλµ
(2nyλµ + 1)(2n
z
λµ + 1)~
2
+
(2Bc − Ba)2
16BbBc
∑
λµ
Ωzλµ
Ωyλµ
(2nzλµ + 1)(2n
y
λµ + 1)~
2
+
(Ba − 2Bb)(2Bc − Ba)
8BbBc
∑
λµ
~
2. (88)
The second and third term in Hξ are treated in the same way. The inclusion of vibrational
corrections to first order in the rotational Hamiltonian Hξ leads to the result
H¯ξ =
1
2Aa
[
I21 +
∑
λµ
(l1λµ)
2
]
+
1
2Ab
[
I22 +
∑
λµ
(l2λµ)
2
]
+
1
2Ac
[
I23 +
∑
λµ
(l3λµ)
2
]
, (89)
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with the mode-specific angular momentum shifts
l1λµ =
[(Ba − 2Bb)2
16BbBc
Ωyλµ
Ωzλµ
(2nyλµ + 1)(2n
z
λµ + 1) +
(2Bc −Ba)2
16BbBc
Ωzλµ
Ωyλµ
(2nzλµ + 1)(2n
y
λµ + 1)
+
(Ba − 2Bb)(2Bc − Ba)
8BbBc
]1/2
~,
l2λµ =
[(Bb − 2Bc)2
16BcBa
Ωzλµ
Ωxλµ
(2nzλµ + 1)(2n
x
λµ + 1) +
(2Ba −Bb)2
16BcBa
Ωxλµ
Ωzλµ
(2nxλµ + 1)(2n
z
λµ + 1)
+
(Bb − 2Bc)(2Ba − Bb)
8BcBa
]1/2
~,
l3λµ =
[(Bc − 2Ba)2
16BaBb
Ωxλµ
Ωyλµ
(2nxλµ + 1)(2n
y
λµ + 1) +
(2Bb −Bc)2
16BaBb
Ωyλµ
Ωxλµ
(2nyλµ + 1)(2n
x
λµ + 1)
+
(Bc − 2Ba)(2Bb − Bc)
8BaBb
]1/2
~. (90)
This shows that the angular momentum contributions from the vibrational motion play the
role of recoil terms [18, 19] in first order perturbation theory. For different vibrational states,
the spin components of the bandhead are different and characterized by the vibrational
quantum numbers nxλµ, n
y
λµ, and n
z
λµ.
We can now specify the corrections for each vibrational state. For the ground state with
quantum numbers nxλµ = n
y
λµ = n
z
λµ = 0 and energy eigenvalue EΩ =
1
2
∑
λµ
[
Ωxλµ + Ω
y
λµ +
Ωzλµ
]
, one has the angular momentum shifts
l1λµ =
~
4
√
BbBc
∣∣∣(Ba − 2Bb)
√
Ωyλµ
Ωzλµ
+ (2Bc − Ba)
√
Ωzλµ
Ωyλµ
∣∣∣,
l2λµ =
~
4
√
BcBa
∣∣∣(Bb − 2Bc)
√
Ωzλµ
Ωxλµ
+ (2Ba −Bb)
√
Ωxλµ
Ωzλµ
∣∣∣,
l3λµ =
~
4
√
BaBb
∣∣∣(Bc − 2Ba)
√
Ωxλµ
Ωyλµ
+ (2Bb − Bc)
√
Ωyλµ
Ωxλµ
∣∣∣. (91)
Next, we consider the excitation of one particular mode λµ. Assuming the ordering
of energies Ωxλµ < Ω
y
λµ < Ω
z
λµ, the lowest vibrational excitation with positive parity has
quantum numbers nxλµ = 2, n
y
λµ = n
z
λµ = 0. In this case, the excitation energy is 2Ω
x
λµ and
the angular momentum shifts are
l1λµ =
[(Ba − 2Bb)2
16BbBc
Ωyλµ
Ωzλµ
+
(2Bc − Ba)2
16BbBc
Ωzλµ
Ωyλµ
+
(Ba − 2Bb)(2Bc −Ba)
8BbBc
]1/2
~,
l2λµ =
[(Bb − 2Bc)2
16BcBa
5Ωzλµ
Ωxλµ
+
(2Ba − Bb)2
16BcBa
5Ωxλµ
Ωzλµ
+
(Bb − 2Bc)(2Ba − Bb)
8BcBa
]1/2
~,
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l3λµ =
[(Bc − 2Ba)2
16BaBb
5Ωxλµ
Ωyλµ
+
(2Bb − Bc)2
16BaBb
5Ωyλµ
Ωxλµ
+
(Bc − 2Ba)(2Bb − Bc)
8BaBb
]1/2
~. (92)
One can see that in comparison with that for the ground state band Eq. (91), the recoil
terms are different in the excited states.
IV. EXPRESSIONS IN TERMS OF QUADRUPOLE DEFORMATIONS
In the construction of the effective Lagrangian (48), the vibrational degrees of freedom
were denoted by x, y, and z. Its rotational part (proportional to Aa,b,c) involves vibrational
contributions to the rotational frequencies and thus became too complicated. Following
empirical experience, we express x, y, and z in terms of the conventional quadrupole defor-
mation parameters β2 and γ2 of a triaxially deformed nucleus.
Starting from the equation of the nuclear surface [19]
R(θ, φ) = R0
{
1 + β2
[
cos γ2Y20(θ, φ) +
sin γ2√
2
(
Y22(θ, φ) + Y2−2(θ, φ)
)]}
, (93)
with R0 = 1.2A
1/3 fm, the displacements x, y, and z take the form
x = [R(θ, φ)−R0] sin θ cosφ, (94)
y = [R(θ, φ)−R0] sin θ sinφ, (95)
z = [R(θ, φ)−R0] cos θ . (96)
By making use of the relations
cos θ Yλµ = aλ,µYλ+1,µ + aλ−1,µYλ−1,µ, (97)
sin θeiφ Yλµ = bλ−1,−(µ+1)Yλ−1,µ+1 − bλ,µYλ+1,µ+1, (98)
sin θe−iφ Yλµ = −bλ−1,µ−1Yλ−1,µ−1 + bλ,−µYλ+1,µ−1, (99)
with the coefficients
aλµ =
√
(λ+ 1)2 − µ2
(2λ+ 1)(2λ+ 3)
, bλµ =
√
(λ+ µ+ 1)(λ+ µ+ 2)
(2λ+ 1)(2λ+ 3)
, (100)
the few non-vanishing expansion coefficients xλµ, yλµ, and zλµ defined by Eq. (49) are given
by
x31 = −
√
6
35
R0β2 cos γ2 +
√
1
70
R0β2 sin γ2, x33 = −
√
3
14
R0β2 sin γ2, (101)
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y3−1 = −
√
6
35
R0β2 cos γ2 −
√
1
70
R0β2 sin γ2, y3−3 = −
√
3
14
R0β2 sin γ2, (102)
z30 =
√
9
35
R0β2 cos γ2, z32 =
√
1
7
R0β2 sin γ2. (103)
With these restricted modes, the vibrational contributions to the angular momenta in
Eqs. (61)-(63) actually vanish.
Substituting the modes (101)-(103) into the Lagrangian (51), calculating the correspond-
ing canonical momenta, and performing the Legendre transformation, one arrives at the
following LO Hamiltonian (vibrational part)
HΩ =
1
2
Bββ β˙
2
2 +
1
2
Bγγ β
2
2 γ˙
2
2 +Bβγ β2β˙2γ˙2 + V, (104)
with the collective potential
V (β2, γ2) =
3
35
R20
(
12Da + 12Db + 18Dc +Dd +De
)
β22 cos
2 γ2
+
2
35
R20
(
24Da + 24Db + 15Dc + 17Dd + 17De + 5Df
)
β22 sin
2 γ2
+
√
3
35
R20
(
12Db +De − 12Da −Dd
)
β22 sin γ2 cos γ2 . (105)
Furthermore, the mass parameters read
Bββ =
R20
35
[
Ba
(
7− 2 sin(2γ2 + pi
6
)
)
+ Bb
(
7 + 2 sin(2γ2 − pi
6
)
)
+ 7Bc
(
1 + 1 cos 2γ2
)]
,
Bγγ =
R20
35
[
Ba
(
7 + 2 sin(2γ2 +
pi
6
)
)
+Bb
(
7− 2 sin(2γ2 − pi
6
)
)
+ 7Bc
(
1− 1 cos 2γ2
)]
,
Bβγ =
R20
35
[
2Ba sin(2γ2 − pi
3
) + 2Bb sin(2γ2 +
pi
3
)− 2Bc sin 2γ2
]
, (106)
and interestingly, they do not depend on β2.
Moreover, the rotational part of the NLO Hamiltonian is just
Hξ =
I21
2Aa
+
I22
2Ab
+
I23
2Ac
, (107)
with moments of inertia Aa, Ab, and Ac independent of the deformation parameters β2 and
γ2.
The total Hamiltonian
H = HΩ +Hξ, (108)
is a rotation-vibration Hamiltonian of the Bohr-Mottelson type [18] with definite potential
V and non-constant mass parameters. In the following, this Hamiltonian will be used to
describe the experimental energy spectra.
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V. RESULTS AND DISCUSSIONS
In this section, the experimental ground state bands, γ-bands, and K = 4 bands for
the isotopes 108,110,112Ru are used to examine the applicability of the present EFT in the
description of collective rotations and vibrations of triaxially deformed nuclei. The data are
taken from the compilation of the National Nuclear Data Center (NNDC) [30]. In Ref. [20], it
has been shown that these three Ru isotopes have a triaxially deformed minimum and exhibit
softness along the γ2-direction in the potential energy surface, calculated by CDFT [25].
Moreover, the nearly constant behavior of the experimental alignments in the spin region of
I ≤ 10~ indicates that the corresponding data are not beyond the breakdown energy scale
for collective rotational and vibrational motions (i.e., beyond the pairing instability) [20].
Therefore, the application of the rotation-vibration Hamiltonian (108) is restricted to this
spin region.
In Fig. 1, the energy spectra of the ground state bands, γ-bands, and K = 4 bands
obtained from rotation-vibration Hamiltonian (108) are shown as a function of spin I for
the isotopes 108,110,112Ru, respectively. The parameters of the Hamiltonian are obtained by
fitting to the solid data points in Fig. 1, and their values are listed in Tab. I. One can see that
the data are well reproduced by the rotation-vibration Hamiltonian (108). In particular, the
obvious staggering behavior of the γ-bands found with the triaxial rotor Hamiltonian [20]
is no longer present. This improved description underlines the importance of including
vibrational degrees of freedom in the EFT formulation.
From the moments of inertia, mass parameters, and potential parameters collected in
Tab. I, one recognizes significant differences between the isotope 108Ru and 112,110Ru. This
is consistent with the fact that the energy differences between the ground state and γ- bands
in 108Ru (∼ 500 keV) are larger than those in 112,110Ru (∼ 350 keV). This also indicates that
one has to fit the parameters for each nucleus separately, and this, to some extent, weakens
the predictive power of the EFT.
With the parameters listed in Tab. I, the collective potential V (β2, γ2) (105) and the
mass parameters Bββ, Bβγ, and Bγγ (106) are determined and these are shown for the three
Ru isotopes in Figs. 2 and 3, respectively. One observes that the potential energy surfaces
shown in Fig. 2 possess similar shapes. Namely, there is a spherical minimum and softness
along the β2-direction with a valley located around γ2 = 20
◦. It should be noted that such
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FIG. 1: Energy spectra for the ground state, γ-, and K = 4 bands in 108−112Ru calculated by
rotation-vibration Hamiltonian (108).
TABLE I: Parameters used in the rotation-vibration Hamiltonian (108) for calculations of
108−112Ru. The units of Aa,b,c are ~
2/MeV, the units of Ba,b,c are ~
2/(MeV · fm2), and the units of
Da−f are MeV/fm
2.
Nucleus Aa Ab Ac Ba Bb Bc Da Db Dc Dd De Df
112Ru 15.0 26.7 17.8 24.3 99.5 0.02 34.3 −20.4 −6.1 65.8 −42.2 81.9
110Ru 15.7 24.0 12.0 17.8 29.0 0.04 26.6 −14.5 −5.5 24.0 −11.1 57.7
108Ru 15.1 24.9 18.0 6.5 3.0 0.01 99.0 −65.0 −11.3 264.5 −207.3 259.9
behavior of the potential energy surface is different from those calculated by CDFT [20, 25]
using the effective interaction PC-PK1 [28], in which a triaxially deformed minimum and
softness along the γ2-direction are found. The differences may be due to the fact that only
terms proportional to β22 can arise in the present LO collective potential (105). In order to
get a more structured shape of the potential energy surface of CDFT, the higher order terms
L5i and L6i in Eq. (48) need to be kept. This also indicates that the EFT formulation gives
a different picture for the descriptions of the energy spectra of Ru isotopes in comparison
to the five-dimensional collective Hamiltonian (5DCH) based on CDFT [20].
We have already mentioned that the mass parameters Bββ, Bβγ , and Bγγ are independent
of the deformation β2. Furthermore, their dependence on γ2 is moderate, as can be seen in
Fig. 3. With increasing γ2, Bββ increases and Bγγ decreases. One can observe that Bβγ is
20
FIG. 2: Collective potentials for 108−112Ru calculated by Eq. (105).
much smaller than Bββ and Bγγ for all three Ru isotopes, which implies that the coupling
between β2 and γ2 is small. Once again, we should point out that the EFT formulation gives
a different picture for collective energy spectra in comparisons to those of the 5DCH based
on CDFT [20].
0 20 40 60
0
500
1000
0 20 40 60 0 20 40 60
M
as
s (
2 /
M
eV
)
 (o)
112Ru
 (o)
110Ru
 B
 B
 B
 (o)
108Ru
FIG. 3: Mass parameters for 108−112Ru calculated by Eq. (106).
VI. SUMMARY
In summary, the EFT for triaxially deformed even-even nuclei has been generalized to
include the vibrational degrees of freedom. The pertinent Lagrangian and Hamiltonian
were obtained up to NLO. The LO Hamiltonian describes a set of uncoupled (anisotropic)
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harmonic oscillators. The NLO part couples rotations to vibrations, and it is found that
the vibrations provide contributions to the angular momenta I1, I2, and I3. This coupling
makes the rotational Hamiltonian too complicated to be solved exactly.
Therefore, we have treated the NLO (rotational) Hamiltonian in first order perturbation
theory. This leads to corrections from the vibrational motion in the form of so-called recoil
term. For different vibrational states, the spin components of the bandhead become different
and they depend on different vibrational quantum numbers.
The NLO Hamiltonian has also been expressed in terms of quadrupole deformation pa-
rameters β2 and γ2. A rotation-vibration Hamiltonian (without mutual coupling) is obtained.
Its applicability has been examined in the description of the energy spectra of the ground
state bands, γ-bands, and K = 4 bands in 108,110,112Ru isotopes. It is found that by taking
into account the vibrational degree of freedom, the deviations for high-spin states in the
γ-band, using the EFT with only rotational degree of freedom, disappear. This underlines
the importance of including vibrational degrees of freedom in the EFT formulation.
The results presented in this work give us confidence to further generalize the EFT for
triaxially deformed nuclei with odd mass number, which requires a systematic treatment of
the coupling between the single particle motion and the collective rotational motion.
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